Abstract-Droop control has shown promising results for decentralized power sharing in microgrids. However, the basic scheme can suffer from unequal reactive power sharing power due to differing line impedances between converters and due to the predominantly resistive nature of low voltage networks. Virtual impedances are able to mitigate these drawbacks, and are mostly implemented using a quasi-stationary approach. This approach replicates an impedance in steady state, but transients of the load current are only partly reproduced. This paper discusses the effect of including the transient term of the virtual impedance. A state-space small-signal model is derived in order to show the effect of including the transient virtual impedance. Simulations of a two-inverter microgrid are also shown to test the model and offer a numerical example. Both modal analysis on the small-signal model and the results from the simulation indicate improved damping when including the transient virtual impedance.
I. INTRODUCTION
The increasing share of microsources in the grid have paved the way for microgrids, being able to operate both grid connected and islanded. The advantages of microgrids include improved reliabilty, reduced feeder losses and the possibility for delivering ancillary services [1] , [2] . One of the main challenges of islanded operation with a large penetration of power electronics interfaced distributed generation (DG) units is the lack of rotating inertia, which can lead to large deviations in frequency unless a proper control mechanism is implemented [3] .
A well-known strategy for solving this issue is based on the droop method [4] , in order to ensure that the system frequency and voltage deviations are within acceptable limits. One of the drawbacks of the conventional droop method, however, is its inability of ensuring proper reactive power sharing in the presence of a mismatch between the line impedances of different inverters [5] . Moreover, the conventional droop is not able to decouple the control of active and reactive power in dominantly resistive grids [6] .
The issues of active and reactive power coupling and reactive power sharing can be solved by applying virtual impedances. A review of how these can be implemented in voltage source converters (VSCs) is given in [7] . In particular, This project has received funding through the research centre for environmentally friendly energy CINELDI (Centre for Intelligent Electricity Distribution), supported by the Research Council of Norway.
virtual impedances modifying the outer voltage loop are found to be able to improve reactive power sharing and reduce active and reactive power coupling.
In [5] , a virtual inductance is utilized to obtain improved decoupling and a proper power balance for a single phase system, while a virtual resistance is employed in [8] due to application of opposite droop. For three-phase systems, the most common implementations are based on the stationary reference frame. An example of that is given in [9] , which presents a design and implementation approach for virtual impedances. Another example is given in [10] , in which a virtual negative resistor is utilized in order to improve power sharing.
A small-signal model of a single inverter employing droop control is given in [11] . In particular, the paper deals with the current, voltage and droop control, in addition to the plant model. In [12] , transfer functions are used to model a single inverter where also virtual impedances are implemented. Here, the transient term of the virtual impedance is included in the theoretical study, but the difference to modelling the virtual impedance with a quasi-stationary approach is not shown. The aim of this paper is, therefore, to investigate the effect that the transient virtual impedance can have on the stability and regulation of the system.
The outline of the paper is as follows. Section II describes the implementation of an outer virtual impedance for both the stationary and the synchronous reference frame. Section III describes the modelling of a single inverter using a droop controller with virtual impedances, in addition to inner voltage and current control. Section IV establishes the linearized small-signal model and discusses the effect that the transient part of the virtual impedance has on the performance. Finally, Section V shows the results of a simulation example in order to investigate the linearized model, before Section VI concludes the paper.
II. VIRTUAL IMPEDANCE IMPLEMENTATION
This section will explain the implementation of virtual impedances in the stationary and in the synchronous reference frames.
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A. Virtual Impedance in the Stationary Reference Frame
The voltage drop across an inductive-resistive line in the stationary reference frame is given by (1) and (2):
where L l and R l are the inductance and resistance of the line, ∆V αβ are the voltage drops of the line and i αβ are the line currents, in the α and β axes, respectively. An outer virtual impedance can, thus, be implemented by subtracting (1) and (2) from the desired voltage reference [7] . However, in order to avoid amplification of high frequency noise, the term containing the derivative of the current needs to be modified [7] . A first option is to apply a quasi-stationary approach [9] , as given in (3) and (4)
where ω is the system frequency. This virtual impedance replicates the response of an actual impedance at steady state. The difference from a real impedance is that it does not include the derivative term, and hence present different transient behaviour. A second option is to apply a low-pass filter (LPF) to the derivative term, in order to limit its high-frequency effects. While this approach can model the transient response of the virtual impedance to resemble an actual impedance more closely, it also affects the signal's phase in steady state [7] .
B. Virtual Impedance in the Synchronous Reference Frame
The voltage drop in the synchronous reference frame over an inductive-resistive feeder is given by
Thus, a virtual impedance can be implemented by subtracting (5) and (6) from the desired voltage reference. Just as for the implementation in the stationary reference frame, the high-frequency effects of the derivative action must be limited. Here, the quasi-stationary approach can be implemented by neglecting the derivative term altogether, as the cross-coupling effects are present in the steady-state response. Another option is to apply an LPF to the derivative term, as in
where n dq are the low-pass filtered transient terms given by 
where w c2 is the cutoff frequency of the LPF. Thus, for implementing virtual impedances using a quasi-stationary approach, (9) and (10) can be used with η dq = 0.
Contrary to the virtual impedance in the stationary reference frame, this approach only alters the phase during transients, while not affecting the steady state. Hence, there could be an advantage of using the virtual impedance in the synchronous reference frame over that of the stationary reference frame, since the transient dynamic term can be included in the response. This is possible due to the variables being constant in the synchronous reference frame.
Having a large value for the virtual inductance, an inductive output impedance as seen from the inverter can be obtained, leading to reduced coupling of active and reactive power in the conventional droop control [5] . Moreover, if the virtual impedance is sufficiently large, this can partly compensate for mismatch in the feeder impedances, thus leading to improved reactive power sharing. On the other hand, a too large virtual impedance will also limit the output voltage of the inverter, and, hence, also the power that can be delivered. Thus, a tradeoff exists between improved power sharing and the magnitude of the delivered power.
III. MODELLING OF A SINGLE INVERTER
This section provides the detailed description of the modelling of a single inverter. The control of the inverter with its accompanying LC-filter is seen in Fig. 1 . The dc side dynamics is neglected by assuming a constant dc voltage source. Moreover, by neglecting the switching behaviour, an average model for the converter is assumed [11] . The control of the inverter is performed in the synchronous reference frame and is based on that of grid-supporting VSCs [2] . The control consists of an inner current control, and outer voltage control. The reference for the voltage controller comes from the difference between the droop controller and the virtual impedance calculation. The droop controller in turn gets its input from the low-pass filtered power calculation of the inverter output power. For islanded operation, it suffices to integrate the droop frequency and use this angle as a reference for the Park transformations [2] . In the following, each of the sub-blocks of Fig. 1 will be presented, in addition to the plant to be controlled.
A. Droop Control
The droop controller ensures stable operation of the microgrid by adjusting the angular frequency and voltage setpoints, ω and E so as to ensure a proper sharing between different units. In particular, this is obtained by applying the conventional droop equations:
where ω * is angular frequency reference, E * is the droop control voltage reference, m and n are the droop gains, P * and Q * are the active and reactive power references, while P and Q are the measured active and reactive powers. The latter are obtained by low-pass filtering the instantaneous active and reactive powers [11] , as given in:
where ω c1 is the cut-off frequency of the LPF, v dq are the voltages at the filter capacitor and i Ldq are the inverter output currents. Finally, the angle to be used for the dqtransformations is given by:
B. Voltage Controller
The voltage controller regulates the voltage at the filter capacitor. It consists of a PI controller and feedforward and decoupling terms, given by (16) and (17).
Here K pv and K iv are the proportional and integral gain of the PI controller, i * dq are the references for the current controller, and C V d and C V d are given by:
where v * dq are the voltage references. When including virtual impedances, the voltage references are given according to:
where L vi and R vi are the virtual inductance and resistance.
C. Current Controller
Based on the current references in (16) and (17), the current controller regulates the inverter side current. The controller is based on a PI controller, with decoupling terms and feedforward of the capcitor voltage as seen in (22) and (23).
Here, u * d and u * q are the reference voltages for the inverter voltage, C Id and C Iq are the states of the PI integrator, while K pi and K ii are the proportional and integral gains of the PI.
D. Plant Model
The plant is based on the filter inductor L with its resistance R, the filter capacitor C, and the equivalent line impedance given by L L and R L . Thus, the plant equations are given by:
where v sdq is the load voltage.
IV. EFFECT OF INCLUDING TRANSIENT VIRTUAL IMPEDANCE A small-signal model of a single inverter is derived by linearizing (12)- (29), in order to analyze the stability and performance of the microgrid. Also, u * dq = u dq was assumed. The free motion of the system can then be given as
where ∆x and A are given in (31) and (32). For the case without transient virtual impedance, the system matrix corresponds to the subset of the first 13 rows and columns of (32). 
A. Modal Analysis
The modes of the systems with and without transient virtual impedance were found by solving det(λI − A) = 0, using the operating point and system parameters according to Table I . The resulting modes of both systems are shown in Fig. 2 . It can be seen that there are three main clusters of modes, corresponding to the cascaded control loops of the controller. There are a total of 15 modes corresponding to the 15 states of the system for the description with transient virtual impedance, whereas there are 13 modes corresponding to the 13 states for the system using quasi-stationary virtual impedance. Fig. 4 . Here, it is evident that the transient virtual impedance barely changes the damping of the left-most poles, as both the imaginary and real part of the modes are increased slightly. The real pole around −31 is barely affected by the transient virtual impedance. The rightmost pair of eigenvalues clearly increases its damping, although achieving a slightly larger real value. Hence, for the example considered, including the transient virtual impedance improves the damping of the system.
The plot in Fig. 5 displays the sensitivity of the system with transient virtual impedance to the cut-off frequency of the lowpass filter. As seen in the figure, the two leftmost conjugated modes achieve improved damping when the cut-off frequency is increased. Meanwhile, the modes closest to the imaginary axis move toward the unstable region, and achieve reduced damping. Hence, there is a trade-off in choosing the cut-off frequency of the transient virtual impedance.
V. NUMERICAL SIMULATION
In order to test the model with regards to including the transient virtual impedance, the microgrid in Fig. 6 was Tables I  and II . In particular, the value of the line impedance was 25 % larger for DG2, while the X/R ratio was 0.5. Fig. 7 shows the active power supplied by each inverter when the transient virtual impedance is disabled. At t = 0.5 s, the load is stepped from 2.5 kW to 5.5 kW. From the figure, it is evident that the sharing mechanism works well, but there is an initial oscillation in the sharing of the power. The sharing between the two inverters is still good, and in steady state it is identical to the case without transient virtual impedance. However, immediately following the step in the load, there is less oscillation of the power compared to the case without the transient term of the virtual impedance.
VI. CONCLUSION
This paper has presented some fundamental considerations when applying virtual impedances to improve the power sharing in a droop controlled, islanded microgrids. The difference between implementing the virtual impedance in the stationary and the synchronous reference frames has been discussed. Moreover, the difference in how to account for the transient term of the virtual impedance has been shown, and a comparison between the quasi-stationary approach and the low-pass filtered derivative term has been carried out. In particular, the effect of including the transient term of the virtual impedance is highlighted by constructing a state-space small-signal model. Both the modal analysis on the smallsignal model and the results of the numerical simulations indicate that the damping of the system is improved by including the transient term.
